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Oscillation and amplification regimes of Volume Free Electron Laser (VFEL) operation under con-
dition of multiwave volume distributed feedback (VDFB) are discussed. Electron beam instabilities in
VFEL transfer it to regenerative amplification regime (first transition point), steady oscillation regime
(second transition point), to nonstationary oscillation regime and through the series of transition points
to chaos under increasing current. Nonstationary regime is characterized by changing of oscillation fre-
quency in series of transition points. Some results are obtained analytically. Most part of results is
produced by numerical simulation of nonlinear VFEL dynamics. Dependence of transition currents in
transition (bifurcation) points on VFEL parameters is demonstrated.
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1 Introduction

This contribution is devoted to the analysis of
non-stationary dynamics of electron beam quasi-
Cherenkov instability in different realizations of
VFEL with multiwave VDFB.

Conception of VFEL based on parametric
(quasi-Cherenkov) beam instability was proposed
firstly in [1] for generation in X-ray range. First
ideas to use VDBF in VFEL was proposed in [2].
First lasing of VFEL in millimeter range based
on principal ideas referred above was recently ob-
tained by the group of Institute for Nuclear Prob-
lems [3]. Experimental work on VFEL goes on.

2 Volume distributed feedback

Volume distributed feedback can significantly en-
hance lasing process. For example VDFB can re-
duce interaction length, provide mode discrimi-
nation in overmode generating systems. Contin-
uous variation of VDFB parameters can be used
to tune lasing frequency. One of the most suitable

mechanism for providing VDFB is Bragg multi-
wave dynamical diffraction. n-wave dynamical
diffraction is realized when conditions

2kt + 17 ~ 0 (1)

are fulfilled for ¢ = 1,...,(n — 1). Here 7, =
{27n1dy, 2mneds, 2mnsds} is a reciprocal lattice
vector, {d;} are spatial periods of the target,
{n;} are integers. In this case an eigenmode has
the form of n coupled waves. At least one of
these waves can be in resonance condition with
an electron beam. This resonance condition can
be Cherenkov synchronism condition, resonance
condition of oscillator and others depending on
specific lasing mechanism.

In conventional design only one mode is in syn-
chronism with the electron beam and the thresh-
old current j is proportional to 1/(kL)3, where
k = w/e, w is a frequency, L is an interac-
tion length. If two modes are in synchronism
with electrons at once we have j ~ 1/(kL)® and
§ ~ 1/(kL)**2(=1) if n wave are in synchronism
with electrons. So, threshold current can be sig-
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nificantly decreased when modes are degenerated
(we assume kL > 1) in multiwave diffraction ge-
ometry. On the other hand interaction length can
be reduced at given current value. Simultane-
ous synchronism of several modes with electrons
corresponds to roots degeneration of dispersion
equation. Therefore a part of present work is de-
voted to investigation of dispersion equation and
defining the region of parameters corresponding
to such degeneration.

Simulation of VFEL dynamics in region of
roots degeneration is fulfilled in three-wave
VDFB geometry in this paper.

FIG. 1. Scheme of quasi-Cherenkov VFEL in Bragg-
Bragg geometry
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FIG. 2. Scheme of quasi-Cherenkov VFEL in Laue-
Laue geometry
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FIG. 3. Scheme of quasi-Cherenkov VFEL in Bragg-
Laue geometry

3 Mathematical model of VFEL

Let us make a brief review of basic VFEL op-
eration principles. Main feature of VDFB is
multiwave distributed feedback. Wave propa-
gation direction does not coincide with electron
velocity direction in VFEL. VFEL is an over-
sized system (system dimensions exceed the wave-
length) and VDFB fulfils very important func-
tion of mode discrimination. Electron beam in
VFEL can move close to the target which is a
three-dimensional spatially-periodic structure or
through the target. In the common case an elec-
tron beam with initial electron velocity u and
density np can pass at some angle through the
target of the length L. Under diffraction condi-
tions, strong coupled waves are generated. Under
Cherenkov condition, electrons of the beam group
in a deceleration phase and produce stimulated
emission. In the case of amplification regime an
external electromagnetic wave is incident to the
target. Oscillator regime is realized without ex-
ternal waves. We discuss three-wave DVFB at
present work. There are three possible geome-
tries in such a system (see Fig. 1- 3). They will
be discussed below.

The system of equations for the case of three-
wave VFEL is obtained in the slowly-varying en-
velope approximation similar to two-wave system
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[4] and can be written in the following form:

OE, OFE,
=0 + vgc—o + 0.5iwlEy — 0.5twx1E1 — 0.5iwx2FEo
ot 0z
27 o — P
= 27rej¢/ g2 (exp(=iO(t,z,p) + exp(—iO(, z, —p))) dp, (2)
0
OF OF
aTl + vlca—; — 0.5iwx_1Eo + 0.5iwly By — 0.5iwy2_1Es = 0, (3)
OF oF
aTQ + ’YQCTZQ — 0.5iwyY_2Ep — 0.5iwy1_251 + 0.5iwly Fy = 0, (4)
d*O(t, z,p) ed de(t, z,p) 3 .
dz2 m73w2 k — T Re (EO(t - Z/“? Z) exp(z@(t, Z,p)) ) (5)
do(t,0
(d”p):k_w/uv @(t707p):p>
VA
Eols—0 = By, Eil:—1, = EY, Es|.—1, = EY,
(6)
Em|t:0 - 07 m = 07 17 2)
t>0, ze€][0,L], pe€][-2m2n].

Here Ey(t,z), Ei(t,z), Ea(t,z) are complex-
valued amplitudes of three electromagnetic
waves. O(t, z,p) describes the phase of electron
beam relative to the electromagnetic wave, v is
the Lorentz-factor of a beam, e, m are electron
charge and mass respectively. ~; are direction
cosines, 12 = Y0/71,2 are diffraction asymmetry
factors.

l=1lp+6,

0 is a tuning parameter from the Cherenkov con-
dition. [y, l1, lo are system parameters corre-
sponding to three waves:

k?2c? — w?e

li = .

w
go is the dielectric susceptibility and x+; are
Fourier components of the dielectric susceptibil-
ity of the target.

® = /lp+ xo — 1/(87)2.

| Numerical methods for simulation of the sys-
tems analogous to the system (2)-(6) are pre-
sented in [5].

4 Different regimes of VDBF

Dispersion equation corresponding (2)-(4) reads:
lolily = loriz — lirg — lar

—X1X—2X2-1 — X2X—1X1—2 =0 (7)

In two-root degeneration mode, besides (6) an ad-
ditional condition

B1B2lila + (Bili + Bal2)lo

— 1212 — i1 — Bare = 0, (8)

should be fulfilled. Here 1 = x_1x1, 2 = X—2X2,
12 = X2-1X1-2-
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FIG. 4. Three-root degeneration points, {1 < 0

FIG. 5. Three-root degeneration points, {; > 0

Extra equation

Bala + Bili +1=0 9)

corresponds to generation in three root degen-
eration mode. Each subsequent equation nar-

rows the domain of permissible parameters. Per-
missible values of diffraction asymmetry factors
01 and (B9 generation in three-root degeneration
mode are adduced in Fig. 4 for the case when
Iy < 0and l; > 0 in Fig. 5. Figure corresponds
to Bragg-Bragg geometry when one wave propa-
gates in electron beam velocity direction and two
others are in opposite direction (Fig. 1). It is
evident the symmetry relative both factors.
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FIG. 6. Laue-Laue VFEL: numerical solution for dif-
ferent length L of the target

1 E+J5E d

1E+5
1E+4
1E+3
1E+2

ooy — w

0 50 100 150 200 250 300 350
t, ns

FIG. 7. SASE simulation for different numerical grid
dimensions

Nonlinear Phenomena in Complex Systems Vol. 8, No. 4, 2005



K.G. Batrakov and S.N. Sytova: Dynamics of Electron Beam Instabilities ... 363

El
1E+4
1E+3
0,
1E+2 Eo=1
10 2 e j

e mm e ———————

1
0.1 ;
0.01 :
1E-3 |
1E4 i
1E5 i
1E6 E,=0 '
1E-7 === - o=
1E-8 i
B T ] o

600 800 1000, 1200 1400

j, Alcm’

FIG. 8. Regimes of amplification and oscillation in
Bragg-Laue geometry
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FIG. 9. Regimes of amplification and oscillation in
Bragg-Bragg geometry

Let us consider different cases of VDFB. Laue-
Laue geometry (Fig. 2) is realized when all three
waves propagate in the same direction which cor-
responds to electron velocity direction. Disper-
sion equation (7) has no degeneration points in
this case.

Two regimes of beam instability can be real-
ized in this geometry: amplification of incident
radiation and SASE (Self-Amplified Spontaneous

Emission) regime. At amplification incident ra-
diation grows
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FIG. 10. One-root degeneration case: dependance on
tuning parameter §
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FIG. 11. Two-root degeneration case: dependance on
tuning parameter §

exponentially along the beam on linear interac-
tion stage. Linear interaction transits to the non-
linear one at the saturation regime. Amplification
level depends on energy transmitted from elec-
trons to radiation to the moment of system tran-
sition to saturation. VFEL operation in such a
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FIG. 12. Three-root degeneration case: dependance
on tuning parameter §

geometry corresponds to so-called TWT (travel-
ling wave tube) operation and is shown in Fig. 6.

SASE regime corresponds to generation with-
out external incident radiation. It requires larger
interaction length for shot noise can rise. In com-
puter simulation computational error in right-
hand side corresponds to this noise. And we
showed good numerical stability of algorithms re-
alized, the growth rate in calculations does not
depend strongly on numerical grid points (see
Fig. 7. One curve corresponds to very small grid
dimensions, another one corresponds to sufficient
grid dimensions and doesn’t vary with increasing.

Bragg-Laue geometry (Fig. 3) is the case when
two wave vectors are oriented along the direction
of electron beam velocity and one wave is in the
opposite direction. In this case additional pos-
sibilities for realizing of beam instability regime
are possible. If beam current reaches first thresh-
old point when radiation gain exceeds radiation
loss, but at the same time is less than the second
threshold point of generation, the regenerative
amplification takes place. After a current reaches
the second threshold point oscillations develop.
This is depicted in Fig. 8. Lines A and B corre-
spond to the first and second threshold points re-
spectively. Analogous results for the Bragg-Bragg
case are presented in Fig. 9.
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FIG. 13. Three-root degeneration case: dependance
on tuning parameter ¢ for different L in Bragg-Laue
geometry

In Bragg-Bragg and Bragg-Laue geometries
generation regimes are possible also when two
modes are in synchronism with electron beam.
This corresponds to instability in the region of
two roots degeneration as in two-wave diffraction
geometry.

However in three-wave case additional param-
eters exist which give possibility to adjust gener-
ation to more optimal region. Besides three-wave
distributed feedback can be realized in the region
of three root degeneration. In this case all three
modes are in synchronism with electron beam and
interaction occurs more intensively. It gives pos-
sibility to realize oscillation at more compact spa-
tial region.

In Fig. 10 - 12 dependence of numerical so-
lution on tuning parameter § is shown for one-,
two- and three-root degeneration points respec-
tively. In Fig. 13 one can see how the curve be-
havior is changed in dependance of length L for
Bragg-Laue case.

In conclusion in Fig. 14 the periodic regime of
VFEL intensity for Bragg-Bragg geometry and
corresponding phase space portrait (Fig. 15) are
given. It is evident that we deal with periodic 1T
and 2T regimes. In SASE simulation (see Fig. 7)
we obtained typical chaotic regime of laser inten-
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FIG. 14. Periodic regime of VFEL intensity for Bragg-
Bragg geometry
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FIG. 15. Corresponding to Fig. 14 the phase space
portrait

5 Conclusion

Different oscillation and amplification regimes of
VFEL operation under condition of multiwave
VDFB were demonstrated. Numerical results
coincide completely with analytical estimations.
They will be useful for further theoretical devel-
opment and experiments on VFEL on the VFEL
setup formed in the Institute for Nuclear Prob-
lems of Belarusian State University.
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