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Abstract. Diffraction of x-rays in radiation from a relativistic osciilator formed by an external
ultrasonic (laser) wave in a crystal is considered. Ultrasonic (faser) excitation, in the general
case, leads not only to the formation of a transverse oscillator but also to the formation of a
set of lattices by which the emitted photons are diffracted. It is shown that, in the particular
case of a transverse ultrasenic wave excitation at 7 - b < 1, we can neplect the ultrasonic
wave influence on diffraction process. Just this situation is considered in detail in the present
paper. The expressions for the angular and spectral distributions of considered radiation are
derived. It is shown that the radiation spectrum, in this case, is more complicated than that
of ordinary channelling radiation and its intensity in the vicinity of the Bragg frequency can
be even higher than the intensity of the latter.

1. Introduction

X-ray and y-radiation of relativistic electrons { positrons) moving at a small angle relative
to the crystallographic planes (axes) is analogous to the radiation of a relativistic one-
dimensional (two-dimensional) oscillator with a frequency in the laboratory frame,
determined by the difference between the energy zones ¢,, £ of transverse motion:
Q.= &, — &1, 2]. The radiationfrequency is evaluated from the Doppler effect (which
is complex and anomalous in the general case).

This radiation, known in the literature as chanpelling radiation (see, e.g., [3]),
experiences considerable changes under the conditions of diffraction of quanta, gen-
erated in a crystal. According to [4-6] in this case a new phenomenon occurs, which
may be called the diffraction radiation of a relativistic oscillator, formed by channelled
particles. A characteristic property of this radiation is that, unlike the usual radiation
process of a relativistic particle, when quanta are emitted in the angular interval A# ~
1/y where y is the particle Lorentz factor, the diffraction x-ray radiation is also observed
at a large angle relative to the particle velocity; this results in the formation of a typical
diffraction pattern.

A relativistic oscillator in a crystal not only may be formed as a result of radioactive
transitions between zones of channelled particle transverse motion but also is observable
during particle motion in a laser wave and when a channelled particle moves in a plane
(axial) channel, bent by a variable external field (ultrasonic or laser wave), i.e. in some
kind of an electrostatic undulator {7, 8]. In this case the oscillator frequency in the
laboratory frame Q' = x,u — Q where & is the wavevector of an external wave in a
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Figure 1. Qualitative illustration of electron motion and geometry of photon diffraction. The
oscillation amplitude of medium atoms is parailel ta the electron oscillation amplitude in
ultrasonic wave (#[ a), 7 is placed near the x-z plane, as (& ) <€ 1.

crystal, Q is its frequency (the z axis is chosen along the direction of an average

~particle velocity u). The radiation frequency is determined by the Doppler effect: =
Q'[1 ~ B,n(w) cos ¥] where B, = u/c, n{w) is the index of refraction at a frequency w,
#isthe radiation angle and ¢ is the speed of light. Naturally, the possibility of a diffraction
radiation phenomenon in itself does not depend on the mechanism of oscillator forma-
tion. The present paper gives the theory of the diffraction radiation from an oscillator
formed by an external wave. The explicit formula determining the radiation intensity in
the diffraction peak is obtained.

2. Thetrajectory of achannelled particle in a crystal being subjected to a variable external
field

Thus, let a crystal in which a channelled particle (electron, positron, relativistic proton,
etc) moves be subjected to a variable external field (electromagnetic or ultrasonic).
Under the influence of this field, crystal nuclei begin to oscillate. As a result, the channel
in which the particle is moving begins to bend, leading to the emergence of a variable
force which causes oscillations of the particle. Asaresult, the particle moves in a dynamic
undulator (figure 1) in the trajectory [8]

() = ra, (1) + r°()

where r,(1) is the radius vector describing the ordinary high-frequency channelled
particle motion and r¥(r) is the radius vector describing the motion of particle in the
dynamic undulator. Assuming thai the frequency of the external variable field, e.g. an
ultrasonic field, is much smaller than the frequency of particle oscillation in a crystal
channel, we can consider these two kinds of particle motion independently: the ordinary
channelled particle motion and the motion of the equilibrium trajectory centre of particle
gravity inside the bent channel formed under the action of the external variable field. In
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this case, for a particle moving within a channel oriented along the z axis with an averaged
velocity u, we can write the trajectory inside the dynamic oscillator as

ri()=acos($r — xu+ 8) =acos(f2't + 8) 1)

where r® (¢} and a are the radius vector and amplitude of a particle oscillation in the x—
y plane and & is the initial oscillation phase in the external field. It should be noted that,
if an ultrasonic wave amplitude satisfies the condition [8] |a| < wl//Edx? ( Eisthe particle
energy, dis the crystal channel width and Uis the depth of the potential weli for a crystal
channel), then the radius of the channe! curvature due to the action of the ultrasonic
wave is much larger than the radius of the trajectorycurvature for the channelled particle
incident on the crystal at the Lindhard angle. In this case the equilibrium trajectory of
a positively charged particle gravity centre corresponds to the trajectory of a stable
channelling regime, and the curvature of the crystal channel caused by the action of the
ultrasonic wave leads only to the displacement A of the equilibrium trajectory centre of
gravity during the particle movement through the crystal. That is why, for positively
charged particles, for which a; + A < d/2 we can take into account the dechannelling
effect because of channel curvature by considering the mean square angle of multiple
scattering in this type of bent channel in the same way as in an amorphous medium [9, 10]
(ayis the amplitude of particle oscillation for the ordinary channelling regime).

The motion of the particle in the twoindependent trajectories leads to the appearance
of two kinds of radiation from a relativistic particle: the component r.,{¢) results in the
common channelling radiation and r%,(¢) leads to the radiation caused by the motion in
the ultrasonic undulator correspondingly. The frequency of the quantum emitted insuch
an undulator is determined by the equation

w[l — B.n(w)cos #] - Q' =0.

If a given frequency is over the range of thousands of kiloelectronvolts, then emitted
photons may experience diffraction by crystal planes. As a result, such a relativistic
emitter causes the formation of a Bragg—Laue diffraction pattern as well as an ordinary
x-ray emitter passing through a crystal plate with a radiation angular divergence
Ad~1fy.

3. The dielectric constant of a crystal in the presence of external ultrasonic wave

In the case under consideration an essential difference arises compared with the dif-
fraction radiation from an oscillator caused by a channelled particle. This is that atomic
{nuclear) oscillations, resulting in the formation of an ultrasenic undulator, will simul-
taneously lead to the dielectric constant modulation in a crystal and, consequently, can
change the diffraction process itself [11]. Indeed, the application of an external field
(ultrasonic or laser wave) causes the electrons in the atoms and atomic centres of gravity
to experience forced occillations. In the same way as for ultrasonic waves, the centres
of gravity of atoms, denoted R ,,, begin to oscillate. Inasmuch as the ultrasonic frequency
is much smaller than typical oscillation frequencies of electronsin atoms, so the electrons
adiabatically follow the motion of an atomic centre of gravity. In this case we may
consider the motion of an atom as a whole. When a laser wave is applied, the situation
is more complicated, because an electromagnetic wave directly affects not only nuclei
but also electrons, causing them to experience forced oscillations. In this case the
picture of the forced oscillations for the electrons in the inner shells of atoms, whose
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eigenfrequencies are much greater than that of a visible region, differs from the motion
of electrons from the outer shells, whose oscillation frequencies may be smaller or close
to an optical frequency.

In any case, however, the electron coordinate in an atom (the coordinate of the atom
itself) in the presence of an external field may be written as

Rm=RM+bC05(K'R0m—QI+ (SU) (2)

where Ry, is the electron coordinate (the coordinate of the atomic centre of gravity) in
the absence of an external field, b is the particle osciilation amplitude in the external
field (for optical electrons or when light excites vibration transitions, b depends on Q),
and &, is the initial oscillation phase.

As aresult, the conductivity o of the medium may be considered from a microscopic
viewpoint as a sum of atomic conductivities, averaged over the crystal atomic state:

N

N
o(r;t, ')y = > oL{r Lty = > Omlr = R (958, 1] (3)

m=1

where N is the number of atoms in a crystal and o(r;¢,¢') = Qas ¢’ > ¢.
Itiswell known thatinthe absence of an external field the conductivity o(r — R,,; £, t')
may be written in the form

o(r — Ron3 £,1") = plr = Rom) (£ = 1),

Let us take in (3) the summation over the positions of atoms. For this purpose we shall
introduce the Fourier transform of electron density p(r) and write

otrit )= Z plr ~Ra@) (= 1) = 755 2 [ dap(@)

X explilr — Rom — b cos(sc - Ry — Qt + 8y) - ql}f (e = #")

- 2 avt@ et~ )

X 2 (—i)"$,(q- b) exp[~in(x + Rop — Qt + 85))f(t — ')

He -

where $, is the Bessel function of nth order.
To take the summation over m we should note that

@m)°*
Vo

2 exp{—i(g + nK) « Ron] = 2 8(g+ nx— 1) (4)

where V' is the voiume of a crystal lattice cell.
As aresult, we obtain

olrt,t"y = ?1; I p(T — nk) expli(r — nx) - r}

X (=i)"$al(7 — nsc) - b) explin(Q — So)] £ (¢ = ¢").



Diffraction x-ray radiation from relativistic oscillator 2425
Now we can carry out an explicit Fourier transformation in time for Maxwelil’s equations.
‘We have
D(r, w) = E(r, w) + (47i/0)j(r, w)

5, ) = 52 = p(r = ) expli(s ~ ) -1~ ind] )

X (~i)"$,((7 — nx) - b) f(w + nQ)E(w + nQ).

The process of scattering by an electron is much faster than the oscillation period
1/Q of an external excitation, i.e. the function f(w) against @ has a much larger width
than Q. Asa consequence, we may estimate f(w + nQ) = f (@) with a high accuracy.

Let us now recall that, in the absence of an external field,

D(r: (J'J) = Eﬂ(ra w)E(r, CD)
glr,0)y=1+ 2 ¥r exp(ir-r) (6)
T

where £((r, @)isthedielectricconstantof the medium, y, ~ p(r)isthe Fourier transform
of the crystal susceptibility. On comparison of (5) and (6), it should be noted that in the
presence of an external field the relation

Dir,w) = E(r, w) + Ex, exp(ir - NE(r, w)

transforms into

D(r, w) = E(r, w} + Ex,,, expli(r — nx) - r — indy}

X (=i)"%,((v — nre) * BYE(r, 0 + nQ)

where y., ~ p(7 — nx). As a result, Maxwell’s equations may be written as
w? w?
-VXVXE(r, o)+ ?z—fo(r, w)E(r, w) + C—ZE > e expli(r — ni) - r — indy]
T r¥ED

X (=i)"$,.((7 — ne) - B)E(r, 0 — nQQ) = —{-‘i:?i-cgjg(r, ) )

where

Eo(r, w) =1+ 2 5, $o(7 - B) expliz+ r).

Consecutive quantum-mechanical consideration leads to the analogous result for
.

Thus, according to (7), the diffraction problem of radiation produced by a particle
in the presence of an external field consists of the analysis of diffraction by a set of
diffraction lattices. From (7) an imiportant conciusion follows: if the atomric oscillation
amplitude due to the action of an external field is parailel to the system of crystallographic
planes relative to which diffraction is being studied or the condition 7 - b <€ 1 is fulfilled,
then $y—» 1, $,,.0— Oforatransverse ultrasonicwave (b L ). This means that radiation
diffraction is found to be the same as that due to a crystal in the absence of external
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excitation. Let us assume the above-stated condition to be satisfied and proceed to the
consideration of the intensity of radiation generated by a particle moving in an ultrasonic
undulator, formed in a crystal by external excitation. In other situations we should take
into account the influence of the ultrasonic wave on the dynamic photon diffraction and
we should use for the photon wavefunction the expressions from, for example, [11].

4. The spectral angular distribution of radiation

The spectral energy density of radiation per unit of solid angle, denoted W, , (n =
k/|k|, where & and @ are the wavevector and frequency of an emitted quantum), the
differential number of quanta, denoted dN, , = (1/Aw)W, ,, and also the polarization
radiation parameters may be obtained, if we know the field E(r, w) which gives a charge
at a Jarge distance from a crystal [12]:

W, o = (cr? 4x®)|E(r, w)[*. (8)
In order to determine the field E(r, w), we should solve Maxwell's equations. The

transverse solution may be found by means of a Green function of the equation satisfying
an equation of the form

G = Gy + Gy(w?*/dnic?)(e — 1)G
where G is the transverse Green function of equation (7) with £ = 1; its explicit form is

given, for example, in [ 13]. With the help of G we can readily find the field of interest to
us:

Er, )= J.G:z(" r w) ;,(r yd®r 9)

wherei,/=x,y,z.

According to [14], at r— = the Green function is expressed in term of the solution
E-)(r, w) of homogeneous Maxwell’s equations, which contains at infinity the incoming
spherical wave:

im{Gy(r,r"; w

ik -
=D S £ 1, )

where e® is the unity polarization vector,s=1,2:¢° L ¢* L k.
If a wave is incident on a crystal with a finite thickness, then, with r— <2,

E{®(r, w) = & exp(ik - r) + constant exp( —ikr)/r. (10)

Wecanshow thatthe solution E, ("% is related to the solution E, 5 ot Maxwell's equations,
describing a plane-wave scattering by a target {crystal), in the following way:
Ei-% = EGY,

With the help of (9),
E(r.o)=

As aresult, the spectral energy den51ty of photons with polarization e® may be written

exp(ikr) iw
r

E IE( B @) < Jolr, w)d3 - (11)

as
2

4m2c?

2

[ R—
Wn,w_

[ B0 0,0 gotr ) o

(12)

Jolr. @) = J expliwt)jolr, ) dt = QJ explione()é(r —r(f))dr.  (13)
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where Q is the particle charge and v(¢) is the particle velocity at a given moment. Let us
substitute (13) into (12) and obtain
2

dNS , = —- f EO* (1(t), @) - v(s) expliows) dr | . (14)

4'1'2ﬁc

Integration in (14) is carried out over the whole interval of particle motion. Further, we
concentrate our attention on the radiation generated during the period of motion inside
a crystal. If the thickness of a target is large in comparison with the vacuum coherent
length of radiation, then the contribution to intensity from the radiation generated in
front of the crystal plate (in vacuum behind the crystal plate) may be ignored [4, 5].

The solutions Ei_)s which are necessary for explicit determination of dV3 , have
been found previously [3, 6] and, in the case of two-beam diffraction, they take the form
{their expression is given for a required region inside a crystal and here we assume the
fulfilment of geometrical conditions when we can omit the influence of the ultrasonic
wave on photon diffraction by a crystal)

E(7%* = —¢5 exp(—ik - r){Gh expli(w/cye)di(L — 2)] + Tk expli(w/cye)83(L — 2)]}
+ e, exp(—ik, - r{E% expli(w/cy;)8i(L ~ 2)]

+ L% expli(w/ey. )83(L — 2)]} - (15)
where
Ehuzy = F(26%2 — 80)/2(85 — 8%) E3aay = F81/2(8% — 8%) ke=k+r
832 = Hgo(1 + B:) — By = [(8o(1 — By} + affy)* + 48,8317}
Br=vo/7: Yo = k. /k ve =kulk 80 =0 g: = x:Fo(7 - b).

Let us substitute (15) into (14) and take into account the fact that, in the case under
consideration, the particle trajectory and its velocity at the moment ¢ are represented as
r(f) = ut + r3 () + ryp(t) = wt + acos(Q't + 8) + ry,(f)
v() =u+ 03 (1) + vy (1) = un, — aQ’ sin(Q't + 8) + v, ()
where u is the constant component of a particle velocity. As a result, for the spectral
angular distribution dN,, ., of photons emitted in the direction of particle motion (AN,

in the direction of diffraction and the spectral angular distribution) in the case of Laue
diffraction one may obtain

2
a3y, =28

T
ieno = 3y2hes <1§ fo [ee) - 2 + €y - Den(8) — (€hiy - @)Q" sin(Q't + 8)]

x CXP{—i[ku(r) Ll N (f) + kO(r) “ut— kO{r) . HCOS(Q’!‘ + 5)}}

2
X Eeu CXP(i “ 65 (L — ut) + iwt) dr > (16)
CYory
1 =10
B= { ko =k
51 TF 0

where { } is the average over points of entrance into a channel (both r,,(¢) and v (f)
depend on entrance points), T'is the time of passage of a particle through a crystal plate;
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in the general case, ry,(#) is represented in the form r(r) = Z,a; cos(Qyt + /), where
a;is the particle oscillation amplitude in a straight crystal channel, Q;is the oscillation
frequency in the laboratory frame and ;s the initial phase.

Let us expand the exponent and containing cos(Q'r + 6) in (16) in terms of Bessel
functions. As aconsequence, the expression for radiation intensity (equation (16) ) may
be written as

. wQ?B
bom =R

X exp{—i[m(Q't + &) + kyry - ut + Koy - rn (D]}

X (=)™ F k- @) exp(i—ci—-éj,(L — ut) + iw:) dr
Yo

Z Ef {eo(,, u+ed va(t)— (eu(,, a)Q'sm(Q’r+<5)]

m=-

2). RG]

Because of the explicit expression r,(¢), all the time integrals appearing in (17) are in
the explicit form. However, the final expression is rather awkward, but it is simplified if
we consider the case when the frequencies of particle oscillation in a crystal and of
forced osciliation caused by the external field differ considerably (we are interested, in
particular, in the case Q' < €;). In this case the frequencies of quanta emitted in a given
direction because of these two mechanisms will also differ considerably because of
proportionality between the radiation frequency and oscillation frequency at a given
angle. This allows one to consider different mechanisms of radiation separately. For this
reason we shall concentrate our attention on the radiation mechanism of interest to us
in this paper, which is due to particle oscillations under the influence of an external field
(i.e. oscillations due to motion in a bent channeti).
When the above is taken into account, (17) may be represented in the form

sttu.w = (dN f‘n,m)PXR + (strn.w)DRO (18)
(ng'u.cu)PXR = ——i%—_f(ei * u) |g0(kr ‘ﬂ)[ Z C exp( lquL)
E»
' mlk; - a) 2
(Ve lono = 22 S, (et - am@ + (3 - ik -a)l?(g‘—(,f;—f;;—)‘fl)
|2z, m)—exp(-iqz';:) 2
qzu = qzn q?;l = (1/(‘)(0‘) byt — (wﬁ/y,)éi - mQ')'

The first summand corresponds to parametric x-ray radiation (PXRr) {15, 16] whose
intensity is compared with the parametric x-ray radiation in the absence of an external
field but decreases by a factor of | $;[> owing to the transfer of radiation energy into
harmonics with 72 # 0. The second summand corresponds to particle radiation generated
by its oscillations under the influence of an external field (DRO). As stated above,
contributions to (18) from radiation caused by particle oscillations in a stationary crystal
channel are not included here.

5. The contributions of spectral and angular intensities of radiation to a diffraction peak

In accordance with (18) in both cases the radiation spectrum is determined by equation
Re(q¥,) = (o/c)[1 — B, cos # — (B,/y.)Re 8}] ~mQ' = 0. (19)
For sufficiently thick crystals we can integrate equation ( 18) by the heip of the & function,
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which can be obtained as a limit of equation (19). Consequently, we may derive the
spectral or angular distribution of radiation in the ultrasonic undulator of a crystal. For
this purpose it is necessary to consider radiation kinematics (equation (19)) in more
detail. Inasmuch as equations (18) and (19) are analogous to the expressions for dif-
fraction radiation from channelled particle [5, 6], so we can use the analysis, carried out
in[16, 17], for the diffraction x-ray radiation in a crystal.

According to [16, 17], under diffraction conditions the radiation spectrum becomes
very complicated. Each radiation branch, in the absence of diffraction (in this case
e=1-ot/0w?, o} = 4nn.e*/m,, where ng is the atomic density in a crystal), is split,
in turn, into two subbranches.

Thus, diffraction results in the excitation of an additional branch in the complex
Doppler effect with a frequency close to the Bragg frequency and in the formation of a
radiation non-transparency region in the angular distribution. It should be noted that
the radiation frequency of an additional diffraction branch changes a little with the
radiation angle. As a result, the angular range, in which || < |g,|, may considerably
exceed the standard angular interval, characterizing the diffraction of an x-ray external
monochromatic wave.

Integrating (18) over frequencies, we can obtain the angular radiation distribution,
for example, for o polarization:

e QL ke ugypfs - 2k (&) 7
dQ  8x E,I:msz'M“‘(""‘”‘)i ! an’Re 00/ w=ug

T,COs@ — 7T, 5in@
TJ.

in2
X (ﬁlwg sin® #cos @

+ mQ

, T sin ¥sin ¢ — 7, cos q:)z 20)

T,

where we assume the external wave to have a linear polarization along the x axis; the
frequency w, is derived from (19).

Analysis shows that in the case under consideration the maximum in the angular
radiation distribution is reached not when the exact Bragg diffraction condition is
fulfilled (& = 0) but rather close to the angles, corresponding to the degeneration points
of the Doppler effect (3¢/dw = 0). A characteristic property of the angular distribution
near this cntical point is that the radiation intensity depends on the thickness as a function
of L2, If a particle possesses energy such that 1 — 8> (1/y,) Re(e%), then the mag-
nitude of the radiation frequency is almost independent of the dielectric characteristics
of the medium. In this case we may assume that o}, = wg = Br?/27, + Q' =Q'(1 -
B. cos #)~!, where wg is the Bragg frequency, satisfying the condition & = 0. As aresult,
the integration of (18) is simplified. By integrating (18) over asolid angle with the centre
at the diffraction angle we obtain the following expression (L < L, where L, is the
absorption length}:

AN /dew = (@ FIL/8)a’ Q" m*([1 — A/ + 4P} (0/050)* 1B (@) (21)

where @, = 2y°Q’ is the maximum radiation frequency, P% is the polarization factor
(P2 = (12 + 313)/4r%; PF = (372 + v2)/4v}) and Bi(w) = Z,[ L5, (@) |? is the func-
tion characterizing radiation diffraction.

Toestimate the integral number N ; of photons emitted by a particle and contributing
to the diffraction peak, let us use the sharpness of the diffraction function B%(w).
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As a result, the integral number of photons emitted by a particle oscillating in a
dynamic undulator and contributing to the diffraction peak at a large angle relative to
the direction of particle motion takes the form

N3, = [1Q*VEB L|gi(ws)twim?/16]|7,|]
X a?Q"?[1 — 2(0p /W) + 4P Wp /W nex)?] (22)

6. Conclusion

Let us compare (22) with the number of emitted quanta that contribute to the diffraction
peak under conditions for the diffraction of channelling radiation. Asis well known (see,
for example, [6]), the intensity of diffraction radiation generated by a particle and
channelled in a straight crystal channel is proportional. in contrast with (22), to
(a;Q)*. As a result, the diffraction radiation from the particle moving in a channel
and bent by external ultrasonic wave can have an intensity larger than the diffraction
radiation from the ordinary channelled particle if (amSQ’)* > (a,Q/). This inequality can
be realized for a standard ultrasonic field source and, as shown by the estimations, the
influence of this wave on dechannelling process can be ignored in this situation. In
conclusion, it should be noted that, owing to the squared charge dependence of the
radiation intensity , the process considered above will be the most effective forrelativistic
nuclei, for which the ordinary channelling radiation is suppressed.
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